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ON CONTRACTIONS THAT ARE QUASIAFFINE
TRANSFORMS OF UNILATERAL SHIFTS
MARIA F. GAMAL’
Abstract. It is known that if T is a contraction of class C10 and I−T
∗
T
is of trace class, then T is a quasiaffine transform of a unilateral shift.
Also it is known that if the multiplicity of a unilateral shift is infinite, the
converse is not true. In this paper the converse for a finite multiplicity
is proved: if T is a contraction and T is a quasiaffine transform of a
unilateral shift of finite multiplicity, then I−T ∗T is of trace class. As a
consequence we obtain that if a contraction T has finite multiplicity and
its characteristic function has an outer left scalar multiple, then I−T ∗T
is of trace class.
Also, it is known that if a contraction T on a Hilbert space H is such
that ‖bλ(T )x‖ ≥ δ‖x‖ for every λ ∈ D, x ∈ H, with some δ > 0, and
sup
λ∈D
‖I − bλ(T )
∗
bλ(T )‖S1 <∞
(here bλ is a Blaschke factor and S1 is the trace class of operators), then
T is similar to an isometry. In this paper the converse for a finite mul-
tiplicity is proved: if T is a contraction and T is similar to an isometry
of finite multiplicity, then T satisfies the above conditions.
Dedicated to the memory of Professor Yuri A. Abramovich
1. Introduction
Let H be a (complex, separable) Hilbert space, and let T be a (linear,
bounded) operator acting on H. An operator T is called a contraction if
‖T‖ ≤ 1. It is well known that any contraction T can be uniquely de-
composed into the orthogonal sum T = T1 ⊕ U(a) ⊕ U(s), where T1 is a
completely nonunitary contraction, and U(a) and U(s) are absolutely contin-
uous and singular (with respect to the Lebesgue measure on the unit circle)
unitary operators, respectively (see [20, I.3.2]). A contraction T is called
absolutely continuous (a.c.), if U(s) = O. For an a.c. contraction T the
Sz.-Nagy–Foias functional calculus is defined (see [20, III.2.1]), that is, for
any function ϕ ∈ H∞, where H∞ is the Banach algebra of bounded an-
alytic functions on the open unit disk, the operator ϕ(T ) acting on H is
well-defined. An a.c. contraction T is of class C0 (T is a C0-contraction),
if there exists a function ϕ ∈ H∞, such that ϕ(T ) = 0 and ϕ 6≡ 0. On
C0-contractions see [2] and [20].
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Themultiplicity µ(T ) of an operator T acting on a spaceH is the minimum
dimension of its reproducing subspaces:
µ(T ) = min{dimE : E ⊂ H,
∞∨
n=0
T nE = H}.
Let T1 and T2 be operators on spaces H1 and H2, respectively, and let
X : H1 → H2 be a linear bounded transformation such that X intertwines
T1 and T2, that is, XT1 = T2X. If X is unitary, then T1 and T2 are called
unitarily equivalent, in notation: T1 ∼= T2. If X is invertible, then T1 and
T2 are called similar, in notation: T1 ≈ T2. If X a quasiaffinity, that is,
kerX = {0} and closXH1 = H2, then T1 is called a quasiaffine transform
of T2, in notation: T1 ≺ T2. If T1 ≺ T2 and T2 ≺ T1, then T1 and T2 are
called quasisimilar, in notation: T1 ∼ T2. If kerX = {0}, we write T1
i
≺ T2,
while if closXH1 = H2, we write T1
d
≺ T2.
It is well known and easy to see, that if T1
d
≺ T2, then µ(T2) ≤ µ(T1).
Also we recall that if T1 and T2 are unitary operators and T1 ≺ T2, then
T1 ∼= T2 ([20, II.3.4]).
It is well known that if one of T1 or T2 is an a.c. contraction and the
other is a singular unitary, then the only linear bounded transformation
intertwining T1 and T2 is zero one. (To see this, one can apply the Lifting
Theorem of Sz.-Nagy and Foias ([20, II.2.3]) and [5, Corollary 5.1]). Thus,
if T1 and T2 are contractions and T1 = T1a ⊕ T1s and T2 = T2a ⊕ T2s are
decompositions of T1 and T2 such that T1a and T2a are a.c. contractions and
T1s and T2s are singular unitaries, then T1 ∼= T2, T1 ≈ T2, T1 ∼ T2, T1 ≺ T2
if and only if T1a ∼= T2a, T1a ≈ T2a, T1a ∼ T2a, T1a ≺ T2a, respectively, and
T1s ∼= T2s. In the sequel, we shall consider a.c. contractions.
The classes of contractions Cαβ , where α, β = ·, 0, 1, were introduced by
Sz.-Nagy and Foias (see [20] and references therein). Let T be a contraction
on a space H. T is of class C1· (a C1·-contraction), if limn→∞ ‖T
nx‖ > 0 for
each x ∈ H, x 6= 0, T is of class C0· (a C0·-contraction), if limn→∞ ‖T
nx‖ = 0
for each x ∈ H, and T is of class C·α, α = 0, 1, if T
∗ is of class Cα·. Clearly,
any isometry is of class C1·, a unitary operator is of class C11, and a unilateral
shift is of class C10.
The relationships between contractions and isometries are studied by
many authors. We mentioned here [7], [12], [17], [18], [19], [21], [23], [24],
[25], [27], [29], [31] (it should be mentioned that in the last conclusion of
[31, Theorem 2.7] V must be replaced by T1 ⊕ Sn).
It is well known that a contraction T is of class C1· if and only if T is a
quasiaffine transform of an isometry. “If” part is evident, and for “only if”
part we refer to the isometric asymptote T
(a)
+ of a contraction T , see [20, Ch.
II and IX], [1, Ch. XII], [15], and [16]. A contraction T is of class C11 if and
only if T is quasisimilar to a unitary operator [20, II.3.5]. If a contraction
T is a quasiaffine transform of a unilateral shift, then T is of class C10, but
the converse is not true, see, for example, [13] and [6]. On the other hand,
if T is a contraction of class C10 and I − T
∗T is of trace class, then T is
a quasiaffine transform of a unilateral shift [27], for further results see [23],
[28], and [8]. The main result of this paper is the converse: if a contraction
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T is a quasiaffine transform of a unilateral shift S and µ(S) < ∞, then
I − T ∗T is of trace class (Theorem 3.1 below). As a previous result we
should mentioned the following: it was proved in [24] that if a contraction
T is a quasiaffine transform of a unilateral shift S and µ(S) < ∞, then its
essentual and approximative point spectra coincide with the ones of S. For
infinite multiplicity µ(S) it is not true, see [4] or Remark 3.4 below.
Our proof is based on the following results:
if a contraction T is similar to a unitary operator and µ(T ) < ∞, then
I − T ∗T is of trace class [19];
if T1 and T2 are C0-contractions and T1 ≺ T2 (then T1 ∼ T2), then I−T
∗
1 T1
and I − T ∗2 T2 are of trace class or not simultaneously (see [2, Ch. III and
VI.4.7], or [20, X.5.7, X.8.8] or the original paper [3]);
if a contraction T is a quasiaffine transform of a unilateral shift S, then
there exists a part of T which is similar to S (a particular case of [17,
Theorem 1], see also [18], [20, IX.3.5]).
We shall use the following notation: D is the open unit disk, T is the
unit circle, H2 is the Hardy space on D, L2 is the Lebesgue space on T,
H2− = L
2 ⊖H2. For a cardinal number n, 0 ≤ n ≤ ∞, H2n, L
2
n, (H
2
−)n are
orthogonal sums of n copies of spaces H2, L2, H2−, respectively (of course,
for n = 0 the above spaces are zero ones). The unilateral shift Sn and
the bilateral shift Un are the operators of multiplication by the independent
variable on the spaces H2n and L
2
n, respectively. For a Borel set σ ⊂ T by
U(σ) we denote the operator of multiplication by the independent variable
on the space L2(σ) of functions from L2 that are equal to zero a.e. on T \σ.
For every a.c. isometry V there exist cardinal numbers k, ℓ, 0 ≤ k, ℓ ≤ ∞,
and Borel sets σj, 0 ≤ j − 1 < ℓ, such that T ⊃ σ1 ⊃ · · · ⊃ σj ⊃ σj+1 ⊃ . . . ,
the Lebesgue measure of σj is not zero, and
V ∼= Sk ⊕
ℓ⊕
j=1
U(σj)
(Wold decomposition). We have µ(V ) = k + ℓ.
The paper is organized as follows. In Section 2 we consider contractions
that are similar to an isometry. In Section 3 we consider contractions that
are quasiaffine transforms of a unilateral shift. In Section 4 we consider
contractions that are quasisimilar to an isometry.
2. On contractions similar to an isometry
In this section we prove a generalization of [19, Theorem 4.2]. The first
part of our proof is word-by-word the beginning of the proof of [19, Theorem
2.1].
For λ ∈ D put bλ(z) =
z−λ
1−λz
, z ∈ D. Let T be a contraction. Then
bλ(T ) = (T − λ)(I − λT )
−1 is a contraction.
Theorem 2.1. Suppose T is an a.c. contraction, µ(T ) < ∞, and T is
similar to an isometry. Then
(2.1) sup
λ∈D
‖I − bλ(T )
∗bλ(T )‖S1 <∞,
where S1 is the trace class of operators.
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Proof. Let V be an isometry such that T ≈ V . We have µ(T ) = µ(V ) <∞.
Therefore, there exist nonnegative integers k, ℓ, 0 ≤ k, ℓ < ∞, and Borel
sets σj, j = 1, . . . , ℓ, such that T ⊃ σ1 ⊃ · · · ⊃ σℓ and
V ∼= Sk ⊕
ℓ⊕
j=1
U(σj).
We put
U ′ =
ℓ⊕
j=1
U(T \ σj), T
′ = T ⊕ U ′, and V ′ = V ⊕ U ′.
Then T ′ ≈ V ′ and I − bλ(T
′)∗bλ(T
′) = (I − bλ(T )
∗bλ(T )) ⊕ O for every
λ ∈ D. Further, V ′ ∼= Sk ⊕Uℓ, therefore, T
′ ≈ Sk ⊕Uℓ. Thus, it is sufficient
to prove Theorem 2.1 for a contraction T which is similar to Sk⊕Uℓ, where
0 ≤ k, ℓ <∞.
Now we suppose that T is a contraction on a space H, 0 ≤ k, ℓ < ∞,
K = H2k ⊕ L
2
ℓ , V = Sk ⊕ Uℓ, and X : K → H is a linear bounded invertible
transformation such that XV = TX. Let X = W (X∗X)1/2 be the polar
decomposition of X; since X is invertible, W is unitary. We put T1 =
W−1TW , then
T ∼= T1 and (X
∗X)1/2V = T1(X
∗X)1/2.
We put A = X∗X and B = (X∗X)1/2. Since X is invertible, we have that B
is an invertible operator on K. Further, Bbλ(V ) = bλ(T1)B for every λ ∈ D,
and
I − bλ(T1)
∗bλ(T1) = B
−1BBB−1 −B−1bλ(V )
∗BBbλ(V )B
−1
= B−1(A− bλ(V )
∗Abλ(V ))B
−1.
Clearly,
(2.2) ‖I − bλ(T1)
∗bλ(T1)‖S1 ≤ ‖B
−1‖2‖A− bλ(V )
∗Abλ(V )‖S1 .
Let λ ∈ D be fixed. First, we show that A− bλ(V )
∗Abλ(V ) is a positive
operator. Sinse T1 is a contraction, bλ(T1) is a contraction, too. Therefore,
I − bλ(T1)
∗bλ(T1) is a positive operator. Let h ∈ K, then(
(A− bλ(V )
∗Abλ(V ))h, h
)
=
(
B(I − bλ(T1)
∗bλ(T1))Bh, h
)
=
(
(I − bλ(T1)
∗bλ(T1))Bh,Bh
)
≥ 0.
Since A− bλ(V )
∗Abλ(V ) is a positive operator,
(2.3) ‖A− bλ(V )
∗Abλ(V )‖S1 =
∑
n
(
(A− bλ(V )
∗Abλ(V ))xn, xn
)
for every orthonormal basis {xn}n of K = H
2
k ⊕ L
2
ℓ , the space on which V
and A act (see, for example, [11, III.8.1]).
Since bλ(V ) ∼= V = Sk ⊕ Uℓ, there exists an orthonormal basis
χλ =
{
{hλin}
∞
n=0, i = 1, . . . , k, {fλjn}
∞
n=−∞, j = 1, . . . , ℓ
}
of K such that
bλ(V )hλin = hλ,i,n+1, n = 0, 1, . . . , i = 1, . . . , k,
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bλ(V )fλjn = fλ,j,n+1, n = . . . ,−1, 0, 1, . . . , j = 1, . . . , ℓ.
Put
aλin = (Ahλin, hλin), n = 0, 1, . . . , i = 1, . . . , k,
and
bλjn = (Afλjn, fλjn), n = . . . ,−1, 0, 1, . . . , j = 1, . . . , ℓ.
We have 0 ≤ aλin ≤ ‖A‖, 0 ≤ bλjn ≤ ‖A‖,
aλin − aλ,i,n+1 =
(
(A− bλ(V )
∗Abλ(V ))hλin, hλin
)
≥ 0
and
bλjn − bλ,j,n+1 =
(
(A− bλ(V )
∗Abλ(V ))fλjn, fλjn
)
≥ 0.
Therefore, the sequences {aλin}
∞
n=0 and {bλjn}
∞
n=−∞ are bounded and de-
creasing. Set
aλi = lim
n→∞
aλin, i = 1, . . . , k,
bλj+ = lim
n→∞
bλjn and bλj− = lim
n→−∞
bλjn, j = 1, . . . , ℓ.
By (2.3) applyed to the orthonormal basis χλ,
(2.4)
‖A− bλ(V )
∗Abλ(V )‖S1
=
k∑
i=1
∞∑
n=0
(aλin − aλ,i,n+1) +
ℓ∑
j=1
∞∑
n=−∞
(bλjn − bλ,j,n+1)
=
k∑
i=1
(aλi0 − aλi) +
ℓ∑
j=1
(bλj− − bλj+) ≤ (k + ℓ)‖A‖.
The conclusion of Theorem 2.1 for T1 follows from (2.2) and (2.4). Since
T ∼= T1, I − bλ(T )
∗bλ(T ) ∼= I − bλ(T1)
∗bλ(T1) for every λ ∈ D. 
Remark 2.2. By [26], if a contraction T on a Hilbert space H is such that
‖bλ(T )x‖ ≥ δ‖x‖ for every λ ∈ D, x ∈ H, with some δ > 0, and T satisfies
to (2.1), then T is similar to an isometry. Theorem 2.1 shows that in the
case of finite multiplicity the converse is true. The results from [26] are
formulated in terms of the characteristic function of a contraction, see [20].
A detailed explanation of the relationship under consideration can be found
in [9].
Remark 2.3. If a contraction T is similar to an isometry, but µ(T ) = ∞,
the conclusion of Theorem 2.1 is not true. To see this, one can take a
contraction T1, which satisfies Theorem 2.1 and such that I − T
∗
1 T1 6= O,
and put T = ⊕∞n=1T1.
We conclude this section by the following lemma, which will be needed
in the sequel. For a proof, we refer to [2, VI.3.20]. Also this lemma can be
deduced from a necessary and sufficient conditions on a positive operator be
of trace class (see [11, III.8.1]).
Lemma 2.4. Suppose T is a contraction on a space H, and E ⊂ H is an
invariant subspace of T , that is, a linear closed set such that TE ⊂ E. Let
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E⊥ = H ⊖ E, and let PE⊥ be the orthogonal projection from H onto E
⊥.
Then T has an upper triangular form(
T |E ∗
0 PE⊥T |E⊥
)
with respect to the decomposition H = E ⊕ E⊥.
If I − (T |E)
∗T |E and I − (PE⊥T |E⊥)
∗PE⊥T |E⊥ are of trace class, then
I − T ∗T is of trace class.
3. On contractions that are quasiaffine transforms of a
unilateral shift
In this section we prove the main result of our paper.
Theorem 3.1. Suppose T is a contraction, 1 ≤ n <∞, and T ≺ Sn. Then
I − T ∗T is of trace class.
Proof. By [15, Theorem 1(a)] or [20, IX.1.3] we have T
(a)
+
d
≺ Sn, therefore,
T
(a)
+
∼= V ⊕ Sk, where k ≥ n and V is an a.c. isometry. By [17, Theorem 1],
see also [18], [20, IX.3.5], there exists an invariant subspace E of T such that
T |E ≈ Sn. We put T0 = PE⊥T |E⊥ , where PE⊥ is the orthogonal projector on
E⊥, and we shall show that T0 is of class C0.
For an operator T ′, by κ(T ′) we denote the shift index of T ′:
κ(T ′) = sup{n : Sn
i
≺ T ′},
which was introduced in [22] and studied in [25] and [10]. By [25, Proposition
4], κ(T ) = κ(T |E) = n, and, by [25, Corollary 1], κ(T ) ≥ κ(T |E ) + κ(T0),
therefore, κ(T0) = 0. If we suppose that T0 is not of class C0, then, by
[25, Introduction], we must conclude that κ(T0) ≥ 1, a contradiction. Thus,
T0 is of class C0.
By [8, Remark 2.6], we have µ(T ) ≤ n+1, and, since T0 is a compression
of T on its coinvariant subspace, we have µ(T0) ≤ µ(T ). It is known (see
[2, III.5.1] or [20, X.5.7]), that every C0-contraction is quasisimilar to a
Jordan operator of class C0, that is, an operator of the form ⊕
∞
j=0S(θj),
where θj are inner functions from H
∞, θj+1 divides θj for all j ≥ 0, and
S(θj) is the compression of S1 on its coinvariant subspace H
2 ⊖ θjH
2; it is
possible that θj ≡ 1 for j greater than some j0. By [2, III.4.12] or [20, X.5.6],
µ
(
⊕∞j=0 S(θj)
)
= min{j : θj ≡ 1}.
Let J = ⊕∞j=0S(θj) be a Jordan operator such that T0 ∼ J . Then µ(J) =
µ(T0) < ∞, therefore, the sum ⊕
∞
j=0S(θj) is actually finite, and we have
that I − J∗J is a finite rank operator. By [2, VI.4.7], or [20, X.8.8], or [3],
we conclude that I − T ∗0 T0 is of trace class.
By Theorem 2.1, I − (T |E)
∗T |E is of trace class, and, by Lemma 2.4, we
conclude that I − T ∗T is of trace class. 
Corollary 3.2. Let T be a contraction, and let 1 ≤ n < ∞. The following
are equivalent:
(1) T ≺ Sn;
(2) T is of class C10, dimker T
∗ = n, and I − T ∗T is of trace class;
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(3) T is of class C10, dimker T
∗ = n, and the characteristic function of
T has a left scalar multiple.
(For the characteristic function of a contraction we refer to [20].)
Proof. The equivalence (1)⇐⇒ (3) is contained in [24], and the implication
(2) =⇒ (1) is contained in [27]. The implication (1) =⇒ (2) follows from
[24] and Theorem 3.1. 
Corollary 3.3. If T is from Theorem 3.1, then I − TT ∗ is of trace class.
Proof. By [2, VI.3.3], for any contraction T the equality
trace(I − T ∗T ) + dimkerT ∗ = trace(I − TT ∗) + dimker T
holds. Since dimkerT ∗ < ∞, Corollary 3.3 follows from Theorem 3.1 and
the above equality. 
Remark 3.4. There exist contractions T such that T satisfy to one of the
following conditions (which can not be fulfilled simultaneously):
(1) T ≺ S∞;
(2) µ(T ) <∞ and T ∼ U , where U is an a.c. unitary operator;
and I − T ∗T is not compact.
To show this, we use the following known fact. Let T be a contraction of
class C1·, and let I − T
∗T be compact. Then T − λI is left invertible for
any λ ∈ D, and if T is of class C11, then σ(T ) ⊂ T (by σ(T ) we denote the
spectrum of an operator T ). The proof is contained, for example, in [23, the
end of Section 2] (although formally in [23] I − T ∗T is of trace class, the
proof is the same for a compact I − T ∗T ). An example of a contraction T
such that T satifies (1) and T is not left invertible is contained in [4]. An
example of a contraction T such that T satisfies (2) and σ(T ) = closD is
contained in [14, Example 12].
4. On contractions quasisimilar to an isometry
The following theorem gives a sufficient condition to I − T ∗T be of trace
class, if a contraction T is quasisimilar to an isometry.
Theorem 4.1. Suppose T is an a.c. contraction, V is an a.c. isometry,
T and V act on spaces H and K, respectively, µ(T ) < ∞ and δ ∈ H∞
is an outer function. Further, suppose X : H → K and Y : K → H are
quasiaffinities such that XT = V X, Y V = TY , Y X = δ(T ) and XY =
δ(V ). Then I − T ∗T is of trace class.
Proof. Since T ∼ V , we have µ(T ) = µ(V ) < ∞. Therefore, there exist
nonnegative integers k, ℓ, 0 ≤ k, ℓ <∞, and Borel sets σj , j = 1, . . . , ℓ, such
that T ⊃ σ1 ⊃ · · · ⊃ σℓ and
V ∼= Sk ⊕
ℓ⊕
j=1
U(σj).
We put
U ′ =
ℓ⊕
j=1
U(T\σj), T
′ = T⊕U ′, V ′ = V ⊕U ′, X ′ = X⊕δ(U ′), Y ′ = Y ⊕I.
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Then T ′, V ′, X ′, Y ′ satisfy the conditions of Theorem 4.1, and I − T ∗T is
of trace class if and only I − T ′∗T ′ is of trace class. Further, V ′ ∼= Sk ⊕ Uℓ,
and we can replace V ′ by Sk ⊕ Uℓ. Thus, it is sufficient to prove Theorem
4.1 for V = Sk ⊕ Uℓ, where 0 ≤ k, ℓ <∞.
Now we suppose V = Sk⊕Uℓ and K = H
2
k ⊕L
2
ℓ , where 0 ≤ k, ℓ <∞. We
put E = clos Y (H2k ⊕H
2
ℓ ), where H
2
ℓ ⊂ L
2
ℓ . Clearly, TE ⊂ E . We have
closXE = closX clos Y (H2k ⊕H
2
ℓ ) = closXY (H
2
k ⊕H
2
ℓ )
= clos δ(V )(H2k ⊕H
2
ℓ ) = H
2
k ⊕H
2
ℓ ,
because δ is outer. Thus, we conclude that T |E ≺ Sk+ℓ, and, by Theorem
3.1, I − (T |E)
∗T |E is of trace class.
We shall show that
clos Y ∗E⊥ = {0} ⊕ (H2−)ℓ.
First, let f ∈ E⊥, and let h ∈ H2k ⊕ H
2
ℓ . Then (Y
∗f, h) = (f, Y h) =
0, therefore, Y ∗E⊥ ⊂ {0} ⊕ (H2−)ℓ. Further, let g ∈ (H
2
−)ℓ be such that
(Y ∗f, 0⊕ g) = 0 for every f ∈ E⊥. Then Y (0⊕ g) ∈ E , therefore,
δ(V )(0⊕ g) = XY (0⊕ g) ∈ H2k ⊕H
2
ℓ .
Since V ({0} ⊕L2ℓ) ⊂ {0} ⊕L
2
ℓ , we have δ(V )g ∈ H
2
ℓ . But δ is outer, and we
conclude that g = 0.
Thus,
T ∗|E⊥ ≺ V
∗|{0}⊕(H2
−
)ℓ
,
where the relation ≺ is realized by Y ∗|E⊥ . Since V
∗|{0}⊕(H2
−
)ℓ
∼= Sℓ, by
Corollary 3.3 we conclude that I−(T ∗|E⊥)(T
∗|E⊥)
∗ is of trace class. Further,
I − (T ∗|E⊥)(T
∗|E⊥)
∗ = I − (PE⊥T |E⊥)
∗(PE⊥T |E⊥),
where PE⊥ is the orthogonal projection from H onto E
⊥. Finally, we apply
Lemma 2.4 to a triangulation of T with respect to the decomposition H =
E ⊕ E⊥, and we conclude that I − T ∗T is of trace class. 
Corollary 4.2. Suppose T is an a.c. contraction, µ(T ) < ∞, and the
characteristic function of T has an outer left scalar multiple. Then I −T ∗T
is of trace class.
(For the characteristic function of a contraction we refer to [20].)
Proof. Let δ be an outer left scalar multiple of the characteristic function
of T , and let V = T
(a)
+ be the isometric asymptote of T . By [12, Theorem
4.14], T , V , and δ satisfy to the conditions of Theorem 4.1. 
Remark 4.3. If T and δ satisfy to the conditions of Theorem 4.1, then δ is
a left scalar multiple of the characteristic function of T . Proof is contained
in [12, Lemma 4.16].
Remark 4.4. There exist contractions T such that T ∼ S1 and
sup
λ∈D
‖I − bλ(T )
∗bλ(T )‖S1 =∞
(sf. Theorem 2.1), see [26] and [9, Lemma 5.9, Corollary 5.10 and Remark
after it].
ON CONTRACTIONS 9
References
[1] B. Beauzamy, Introduction to operator theory and invariant subspaces,
North Holland, Amsterdam, 1988.
[2] H. Bercovici, Operator theory and arithmetic in H∞, AMS, Math. Sur-
veys and Monographs 26 (1988)
[3] H. Bercovici and D. Voiculescu, Tensor operations on characteristic
functions of C0 contractions, Acta Sci. Math. (Szeged), 39 (1977), 205–
231.
[4] W. S. Clary, Equality of spectra of quasisimilar hyponormal operators,
Proc. Amer. Math. Soc., 53 (1975), 88–90.
[5] R. G. Douglas, On the operator equation S∗XT = X and related topics,
Acta Sci. Math. (Szeged), 30 (1969), 19–32.
[6] J. Esterle, Singular inner functions and biinvariant subspaces for dis-
symetric weighted shifts, J. Funct. Anal., 144 (1997), 64–104.
[7] M. M. Faddeev, On a criterion for the similarity of an operator to an
isometric operator. Probl. Mat. Fiz. (Leningrad Univ., Leningrad), 13
(1991), 254–264 (Russian).
[8] M. F. Gamal’, C·0-contractions: a Jordan model and lattices of invari-
ant subspaces, Algebra i analiz, 15 (2003), no. 5, 198–227 (Russian);
English translation in: St. Petersburg Math. J., 15 (2004), 773–793.
[9] M. F. Gamal’, Notes on the codimension one conjecture in the oper-
ator corona theorem, Zap. Nauchn. Semin. POMI, 447 (2016), 33–50
(Russian), English translation in: J. Math. Sci., 229 (2018), 506–517.
[10] M. F. Gamal’, On the shift index of contractions, Acta Sci. Math.
(Szeged), 78 (2012), 279–290.
[11] I. C. Gohberg and M. G. Krein, Introduction to the theory of linear non-
selfadjoint operators on Hilbert space, Nauka, Moscow, 1965 (Russian);
English translation: Transl. Math. Monogr., 18, AMS, Providence, RI,
1969.
[12] V. V. Kapustin and A. V. Lipin, Operator algebras and lattices of
invariant subspaces, I, II, Zap. Nauchn. Semin. LOMI, 178 (1989),
23–56; 190 (1991), 110–147 (Russian), English translation in: J. Soviet
Math., 61 (1992), 1963–1981, J. Math. Sci., 71 (1994), 2240–2262.
[13] L. Ke´rchy, On the spectra of contractions belonging to special classes,
J. Funct. Anal., 67 (1986), 153–166.
[14] L. Ke´rchy, Contractions weakly similar to unitaries. II. Acta Sci. Math.
(Szeged), 51 (1987), 475–489.
[15] L. Ke´rchy, Isometric asymptotes of power bounded operators, Indiana
Univ. Math. J., 38 (1989), 173–188.
ON CONTRACTIONS 10
[16] L. Ke´rchy, Unitary asymptotes of Hilbert space operators, Banach Cen-
ter Publications, 30, Polish Academy of Sciences, Warszawa, 1994, 191–
201.
[17] L. Ke´rchy, Injection of unilateral shifts into contractions with nonvan-
ishing unitary asymptotes, Acta Sci. Math. (Szeged), 61 (1995), 443–
476.
[18] L. Ke´rchy, Shift-type invariant subspaces of contractions, J. Funct.
Anal., 246 (2007), 281–301.
[19] L. A. Sahnovicˇ, Operators, similar to unitary operators, with absolutely
continuous spectrum. Funkcional. Anal. i Prilozˇen., 2 (1968), no. 1, 51–
63 (Russian).
[20] B. Sz.-Nagy, C. Foias, H. Bercovici and L. Ke´rchy, Harmonic analysis
of operators on Hilbert space, Springer, New York, 2010.
[21] B. Sz.-Nagy and C. Foias, On the structure of intertwining operators,
Acta Sci. Math. (Szeged), 35 (1973), 225–255.
[22] B. Sz.-Nagy and C. Foias, Jordan model for contractions of class C·0,
Acta Sci. Math. (Szeged), 36 (1974), 305–322.
[23] K. Takahashi, C1·-contractions with Hilbert–Schmidt defect operators,
J. Operator Theory, 12 (1984), 331–347.
[24] K. Takahashi, On quasiaffine transforms of unilateral shifts, Proc.
Amer. Math. Soc., 100 (1987), 683–687.
[25] K. Takahashi, Injection of unilateral shifts into contractions, Acta Sci.
Math. (Szeged), 57 (1993), 263–276.
[26] S. Treil, An operator corona theorem, Indiana Univ. Math. J., 53
(2004), 1763–1781.
[27] M. Uchiyama, Contractions and unilateral shifts, Acta Sci. Math.
(Szeged), 46 (1983), 345–356.
[28] M. Uchiyama, Contractions with (σ, c) defect operators, J. Operator
Theory, 12 (1984), 221–233.
[29] M. Uchiyama, Curvatures and similarity of operators with holomorphic
eigenvectors, Trans. Amer. Math. Soc., 319 (1990), 405–415.
[30] P. Y. Wu, Hyponormal operators quasisimilar to an isometry, Trans.
Amer. Math. Soc., 291 (1985), 229–239.
[31] P. Y. Wu, Contractions quasisimilar to an isometry, Acta Sci. Math.
(Szeged), 53 (1989), 139–145.
St. Petersburg Branch, V. A. Steklov Institute of Mathematics, Russian
Academy of Sciences, Fontanka 27, St. Petersburg, 191023, Russia
E-mail address: gamal@pdmi.ras.ru
